A method is proposed to construct wave functions of anyon systems when those of fermion systems are given. It is shown that the anyon ground state energy does not exceed the corresponding fermion one if the wave function of the fermion ground stare is given by a real functiofi.
In recent years, physics of anyons l ),2) has attracted much attention because of its interesting field theoretical structure 3H ) and possible applications to the fractional quantum Hall effece)-9) as well as to the high-Tc superconductivity.l0H2) As a first step, on~ is urged to know the quantum mechanical wave functions of anyon systems. Following the fundamental investigations of Leinaas and Myrheim l ) and Wi1czek,2) WU I3 ) discussed the 2-and 3-body wave functions of the anyon systems governed by the hamiltonian
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i=l. (1) where q=(ql, "', q2N) denotes the cartesian co-ordinates (XI, "', XN) with Xa=(Xa, Ya).
In this note, we discuss how to construct wave functions of an anyon system when those of the corresponding fermion system are given. Although our discussion can be generalized beyond the case of (1), we first consider the above hamiltonian for the sake of comparison with previous investigations. The fermion wave function (/JF(q) is defined by
On the other hand, the corresponding anyon wave function ¢A(q) could be defined by
where c is a constant phase which takes values in the set {e 1nO ; n=odd integer}, 8 being a statistical parameter satisfying O~8~Jr. The cases 8=0 and 8=x correspond to bosons and fermions, respectively.
We have two methods to discuss (4) and (5).1),2),5),13) The first method is stated as follows. Since the true wave function must be single-valued, we gauge-transform ¢Aq) to ifJAq)=eia(q)¢Aq) and HN to HN=eia(q) HNe-ia(q (6) Because of the presence of the factor 7j8/7r, the above ¢(q) does not satisfy the eigenvalue equation (4) 4 ,
For 8*n/2, if we adopt the convention
The difference H2-H2 should be interpreted as the "statistiCal potential". Note that the latter depends on the choice of ¢(q) and that its support,
We then have (9) where A \B means a set A with a subset B removed. We find that the eigenvalue (8/n) +2 appearing on the RHSDf (9) is a correct one' which can be obtained by the above-mentioned first method.
The above example suggests that Eq. (4) could be' replaced by
where M is the support of the, so to speak, statistical potential, has zero measure in R2N and is choseu,such·that ¢A(q) is defined as a continuous and single-valued function for qER 2N \M. The wave function advocated by Wu for general N-anyon system is given byl3)
where f(q) is symmetric in (Xl, "', XN). if;w(q) acquires its meaning through (4a) with a certain M, which we represent by Mw. It can be seen in a simpler case of one dimension that the above procedure corresponds to a self-adjoint extensiombf,the hamiltonian.
l )
A similar reasoning of (4a) might be possible for our 2-dimensional case since'Wu's complete set of 2-bo,dy wave functions are associated with real eigenvalues under (4a).
Wu discussed that, for N;;;'3 and 8;:;;n, the ground state of the anyon systems is missing in the set {if;W(q)}.l3) So one has to seek functions cif a form different from (10) . There seems no a pri ·o·ri restriction for M in (4a) except that M should contain points in R2N satisfying Xi=Xj for some i and j with i* j. Now we are to obtain the other kind of solutions of (4a) and G5) than those of Wu.
It is elementary to see that a complete set of fermion eigenfunctions of (2) and (3) can be given only by real functions. With a real-valued ¢F(q) belonging to the eigenvalue EF given, we define rPA(q) by (11) wheresgn(x) denotes the sign of x. rPA(X) satisfies (5) since ¢F(X) satisfies (3). With the help Of the identity x8(x)=0, we have (12) and hence (13) where g(q) is a bounded function. We see that rPA(q) defined by (l1}solves (4a) and (5) with M given by
We readily observe some characteristic features of rPAq): The Mw introduced below (10) can generally be arranged so as to satisfy (15) since the set of zeroes of ¢F(q) contains that of IIi<j(zi-z;) . Some examples will be given later. It might be controversial whether the eigenvalue problem HN¢A(q) =EA¢A(q), qEiR 2N \M(¢F) as it stands is appropriate or not sinceM(¢F) is determined by dynamics of fermions, while Mw only by kinematics. If we replace (4a) by a more restrictive equation (4b) rPA(q) of (11) Since the RHS of (18) is not less than the energy EO,A of the anyon ground state, we conclude
irrespective of the value of the parameter e. This conclusion is in agreement with the picture that anyons are fermions with an attractive statistical interaction. 12 ) We recognize that, un,der both of alternatives (4a) and (4b), EO,A cannot be larger than EO,F if the fermion ground state has a real wave function.
Up to this point, we have been considering the case of the hamiltonian (1). We find, however, that whole the above discussion relies only on the fact that we have real wave functions {¢F(q)}. Especially, we obtain the conclusion (19) whenever the fermion ground state is described by a real wave function. The case of the essentially complex fermion wave function such as the case with gauge potentials is under consideration.
We finally discuss some examples in the case of the hamiltonian (1). The I-body wave functions of this case are given· by
where Hm(x) is the Hermite polynomial. Some of them are given by Ho(x)=I, Hl(X) =2x, H2(X)=4x2_2. We define Wi(X) by
The N-fermion ground state is unique when N equals (M + 1)(M +2)/2. Otherwise it is degenerated. When N is given by NM(~+I)+~, ~=1,2,"',M+l, M=0,1,2,"', the wave function ¢f.F(q) of the N-fermion ground state is given by
and belongs to the eigenvalue
Although ground states other than (23) are allowed for the L* M + 1 cases, we hereafter consider only l/Jo;F(q) given above. The sgn function in (11) only concerns the factor !N(q). In the sense of (4a), the N-anyon wave function given by (11) with I/JF(q) replaced by l/Jo;F(q) belongs to the eigenvalue EAN = Eo;F. Wu's N-body wave function has the energy equal to o"r larger than Ev!'=N+ (8/ 2TC)N(N-1) . We find EAZ>Ew z for TC>8>0, so the 2-body ground state is missing in the set of cPA(q) given by (11 On the other hand, Mw consists of a half line starting at 00 and ending at Xz. Thus Mw can be arranged so as to satisfy (15) . For the case of 3-body wave function, M(I/JF) projected on the xl-plane is the straight line passing points Xz and Xa, while Mw is projected to a curve on the xl-plane connecting Xz and Xa. Thus we again see that Mw can be arranged so as to satisfy (15) . For N given by (22), !N(q)=O with Xz, ... , XN fixed defines a curve on the xl-plane of the form (26) which passes the points Xz, ... , XN. On the other hand, the projection of Mw on the xl-plane can be adjusted to be a set of segments of the curve (26). For hamiltonians other than (1), the relation MwcM(I/JF) will not be changed.
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